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GAUSS. Data example, Hilbert 5 x 5. 3DIAG.

b LIST

IPRINT"HAVE YOU IMSERTED DATA,LINE 10000 ON?*®

2 IMPUT Ws

3 IF WE="Y" THEM GOTO 10 ELSE END

10TNPUT"M=",HM
ZO0INPUT "N=",N ' 299
F0DIM C(M,MN): DIM DN PROCMH’ 7 7
40A=11B=1

SOFOR R=1 TO M:FOR S=1 TO N
40OREAD C(R,S):iNEXT SINEXT R
Z0F0OR R=1 TO M:FOR S=1 TG N
SOPRINT;CIR,S)3" "§:NEXT
FOPRINT" *

o 100ONEXT
110P=4
120PROCNIL

130IF C{P,B)<>0 THEN GOTO 2000
140IF P<M THEM P=P+1:60T0O 130
150IF B{N THEN P=A:B=B+1:G0T0 130
140IF P=M AND E=N THEN PROCFRIMT
170END

Z00OQIF P>A THEMN PROCSORT

2010IF B{M THEN PROCDIV:C(A,B)=1

Z2020PRINT" ---" 1 :PROCPRINT -
2030IF A{M THEN PROCBELOW
2040PRINT"...":PROCPRINT
20501IF AX1 THEN PROCABQVE
Z0860PRIMT P =
2070PROCPRINT
2080IF A<M AND B<N THEM A=A+1:B=B+1:GOTO 110
Z100END
S 2999 DEFPROCMIL
s _ H000R=1:REPEAT:S=1!REPEAT

3010IF ABS(C(R,S5))<.000001 THENM C(R,S)=0
2020 S=5+1! UNTIL S>N
3030R=R+1 IUNTIL R>M
2040ENDFROC
4000DEFPROCSORT
4010FOR S§=1 TO N
4020D(S)=C(A,S)
4030C (A, 8)=C(F,S)
4040C (P, 8)=D(8)
40S0NEXT

40460ENDPROC

S000DEFPROCDLY
0 K=B+1 TGO N



5020C{A,K)=C(A,K)/C{A,RB)

SOSONEXT am e

S5040ENDPROC

6000DEFPROCBEL QY

&010IF B=MN THEN ENDPROC

G020FOR J=A+1 TO M

5040FOR K=B+1 TO N

S040C (I, KI=C{I,K)-C{I,BI*C(A,K)
SO70MEXT : NEXT

60B0FAR J=A+1 TO M

4090C (T, B) =01 NEXT

4100ENDPROC

45900DEFPROCABGVE

4910FOR J=1 TO A-t

6920IF B=N THEM &%40Q

4930FOR K=B+1 TO N

&F40C (I, KI=C(I,K)=C(J,BI¥C(A,K)
SPSONEXT : NEXT

&9&60FOR J=1 TO A-1

&970C (1,B)=01NEXT

&PBOENDPROC

8000DEFPROCPRINT

8010PRINT "===="

8020FOR J=1 TO M

8030FOR K=1 TQ M

SB040PRINTSC(I,K)§" "5 INEXT

B0SQPRINT" *

BO4ONEXT

S8070ENDPROC
10000DATA-1/2,1/2,0,0,0,2/3,1/3,0,0
10010DATA-1/3,0,1/2,0,0,-1/4,1/2,1/4,0
10020DATA-1/4,0,0,1/4,0,-1/5,0,1/8,1/5
100230DATA-1/5,0,0,0,1/5,-1/6,0,0,1/4
10040DATAC, -1/4,1/4,0,0,-1/3,2/15,1/5,0
10050DATAO,-1/5,0,1/5,0,-1/4,-1/6,1/4,1/6
10060DATAD, -176,0,0,1/6,-1/5,~1/7,0,1/5
10070DATAD,0,-1/6,1/6,0,0,-1/5,2/35,1/7
100B0DATAO,0,-1/7,0,1/7,0,~1/6,-1/8,1/6
10090DATAC,0,0,-1/8,1/8,0,0,~1/7,2/63



(

o

208 A<, B2l< N to Aalkel, B Bl

&5

2 1t 7 % 37 MSVB
2 Z 42 1 3o |
IS JEET T A 2

[vampl ==

el G w0 PR CREYE

Sv GO?@W '
PIFA so SoreT wl naeded.
B=l <N
Pﬂacmv De)m?a&- vow | '&7 ca, l} t—‘l 7—

| Mewwew: | A 3R U5 ki

CPIQIU" a -_c_,._\.,.@ai._z &&0@)
26%. A=l <M $o Przo&é?zzzww

| %ws Zowl 3 Le subplfeed « Mk%-ff?/&‘o L

!’lemcuﬂ WOW"{"‘WVQMW
%W T = ~

2.

'g)‘w“) ) 0 | /‘i ‘%(2_ "'32, "_25"":..
5”'\% ) 0 | A / %1 —b3. "‘73"-5-

s Kl S ProtHARIVE W;@/@/ |
X
Goto (10, P=h. C(FB)scl2,2)=4 %0
Goto 2000, PEh. Vo Soper waedid.
2 22<4/V g FROCDIV DM w2 by € (23] e &
Coas besme,  © 1 3 =7 =S
=2 <M 5 Ploc Brrow Subtiud- we 3 a
7 Maxflﬂ% //2 Youf 2, /M%ﬁ 4/& &ﬁf\wb-) e Jw&hvyl;_m'rl |
Heyvwes3. O 0 0 -3 -5



played a decisive role. In. analYSlS we are much concerned
‘with questlons about limits.’ For .both. real and complex
numbers, a .sequence, of numbers zﬁ 1s tendlng to ;2 11m1t L if

the distance of zn from I, is tending to zero. He decided
that, if 1t Was p0551ble to flnd a satlsfactory deflnltlon
-of dlstance between two! mathematlcal objects (of any kind),
it 'would be possiblé to find thedrems about thesSe ‘objects
analogous to the theorems about real and, complex numbers.
The first questlon ‘then is -"what is a’ satlsfactory

definition of distance? He looked at the traditional
proofs and found the.only propertles of dlstance used were
"the follow1ng very 51mple onesj;-
1. Dlstance is measured by a real number, Wthh 1s never
negative. . )
2. A distance’ 1s zero 1f, and only 1f '1t 1s,the dlstance
.between a p01nt and itself:
"3. The. dlstance from A to B lS the same as the dlstance from
BtoA S T
‘4, You cannot shorten your journey by breaklng 1t “If you go
from A to €, and then from C to B, the total distance cannot
.beless than the distance from A to B. (It mayiof. course be
equal, 1f C lies on the direct route from A to B: ) ‘This is
known as the triangle axiom. It .corresponds toi-, . _ P

* Euclid's remark that the sum of the lengths of two sides of
a trlangle must exceed the length of:- the third: side. .

Frechet's 1nvestlgat10n was extraordinarily fruitful. It

was found possible. to find a satisfactory definition for the
distance between two matrlces, two transformatlons, two

: functlons, two operatlons that may invélve, différentiation

“and 1ntegrat10n. At one. blOW,rthlS opens the door to. a whole
series of .results’ concérning’ the most varled srtuatlons.
2 It is.often p0581ble to. flnd more. than one :f;‘
definition’ of distance for given’ objects. For. 1nstance, on a
chessboard we can definé distance as the minimum number of
moves a king needs to get from one sguare to another. We get
~a different deflnltlon if we consider a rook 1nstead of a

- klng.ﬂ» Optlons can equally well arlse 1n more serlous

i} mathematlcal contexts.“ T

~ . The’ distance from A to B 1s the length of AB We now
con51der deflnlng length Of the’ many ‘possible’. deflnltlons
TwWe” shall here consider" only thOSe that' lead to our usual
geometry, or to a geometry very similar to it. In all
“the spaces now to be listed, Pythagoras Theorem is: true in
.some sense. “All .these . spaces: are vector’ spaces.

> The, symbol ||u|| will be-used, for the” length ofpthe N
Yector u. “As v—u is the vector that” goes from thefp01nt u
to the point v, ||v—u|| gives the distance, of the point u

from the p01nt vel o

LENGTH ,' ,' A T GLET , ' «;‘
1. Euclldean space of 2 dlmen31cns.gh
If u‘_(u1,‘u ), we deflne length by R
| Iul |2 i 2¢ + B -2 .ff_' co RPN S SR
) Yq 2 S R R A R L

With the help of" Pythagoras Theorem. we" ¢an ‘define

£
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&9

"perpendicular" . We shall ‘say v is perpendlcular to u, if
the points 0, u, v form a right- angled
triangle with a- rlght—angle at the origin, 0/ Whether it is
right-angled or not we test by 'using Pythagoras.::. ‘The 1ength
of the. hypotenuse is the distance from u to v, that. is, .7
[ lv-u|[. As v-u is (v,-uy, vy 2), c, ‘the* length of the
hypotenuse is g}ven by 2

= (v ~u, ) 2 (v —u ) ...(1) '
The sum of the squares on the ot%er two 31des 1s

2

||u||2+||v|| 2+u2 )+ vy +v2 2y cee(2)
The condltlon for a rlght—angle is that the expre551ons in
(1) and (2) are equal, On writing the equatlon, we find
there is cancelling of all squared terms. D1v1d1ng what
remalns by -2 'we reach the equatlon B I

S mgVgsupyy =000 e

We recognize the expre551on here -as the dot product u.v.
Accordlngly, in each geometry . ‘below we’ shall ‘define:uiv as.
the expre551on ‘that turns. up:-in this way.. Thus, in each
geometry, u.v = 0.will be.the condltlon for u: belng
perpendicular to v. N . .;I*W

2. Euclidean space of 3 dimensions. ;| i & :if‘—”lai
We follow ‘essentially: the same ‘lines: as for 20
dimensions: -‘We define. length by Ci

al? wa s a2y T
H 2 3 - . o :
The square on the hypotenuse will be I “
2 2 2 s i”-‘"'\':’l _
c? = (V1-u1) + (v —u2) + (v —u3) K -

The .sum of the squares on the other two 91des 15

3 2" R R RS JC
(u + u2 + u3 ) + (v 4 vz_ e v3 ) . ?mir

Equating these, cancelllng the squares and dlv1d1ng by -2 we
obtaln the. definition of u,v as: = T s RIEIRFIAITS S

- u. v'_ u1v1 + u2 g + U3Vs . .

3. Euclldean space of m. dlmens1ons. . EEURSHRAR ool

The argument follows exactly the same llneSvas for 3 e

dimensions. the only difference is that, instead of letting

the numbers run through.1,2,3, !we let them run through

1,2 3,... up to n. At the end we arrive at the definition
u.v = u.]v1 +UGV, Il unvﬁl.;in ~:=7,,~s MRS e

Gl LT - B

4.-Function space. ™ : =...0 wllh o ruot T

Suppose: we. have & contlnuous functlon, deflned on: the :: '
interval [p;gl:i. "We could: get -a good idea- ofitsrnature by
dividing the: 1nterval intoa:large number,n, of fparts;.. . Z:
taking %, xz,...xn as-the midpoints of each: part .”and
looking at thé& wvalues f(x1), f(Xn),eeaes £(xz)0 ThHese:: ..~
would specify a vector in n dimenSions; the sguare of its
length would be

R Page 5



'Wwamuch simpler method. is .availables .. .. :i-. -

—;.are to havethe vectors u,v,w; -where u =101 1),:;;

Gé

At dis often found in attacking a problem that the axes of
co-ordinates in which we have started are not the best for
further work, and it becomes necessary.to: go over to:some
other system. - If u, v, w .are to:be unlt—vectorsrln the
directions of the new axes, the p01nt-w1th co—ordlnates
X,¥,2 for the new system will be Xu+Yv+Zw. By equatlng this

The usefulness of perpendloularlty. SRR ok

;to‘(x,y,z), the specification.of the point:in -‘the: old -
c:system,:: we -obtain 3 eguations i by - solving whlch we: can
-find theknew «co~-ordinates X;Y,Z. "-In 3 dlmen51ons thlsgmay

not be too bad; the correspondlngnproblemrln-40'dlmen51ons,

o- for instance; : .could: berather trying. ~.. :roc+ oo
= . However ,-if the vectors along.:the axes -are

[

[ E
S !

perpendicular ‘in :both . the: oldrandﬂthe new . system\of axes, a
kel Bl
.Suppose, for . example, sthat ;in. 3- dlmen51ons the ‘new, axes
v =(0,1,-1), and w = (-2,1,1). It is ea51ly verlfled from
the dot products that these vectors are perpendicular to
each other. Let the vector s be (x;y,z)in the old:system.
In the new'systemmme are-torhave ;- =5 zn (7.§7-1 a5y
s = Xu +Yv + Zw . '
Take the dot product of thlsiequatlon with w. o= 70 @
On the right- hand 31de u.v and u.w are’ zeroh so the result
is simply L S.TLne Sy Fom fT L
s.u = X (u. u) - .....(3) -
The .dot;products are.easy to work out; :s.u = X+y+2,:-and

LW u—3.<= We'sthus. Find - x+y+z;-3X;.,whlchrg1ves D (P

1mmed1ately. In the same way, by taklng -dot productsw

,,,,, e e -I- Ii ’? ot
E= TN S ST '\'._".'_‘»;, E o .‘.E’_‘ -"a:f E) - - ' . .
_—Four:l.er\ Serles. LT : S asn L wRLrn Pl s L e-;.’ o

_.K,_..

‘Roxy many problems 1t 1s 1mportant to expandra mfdmﬂ
functlon dnja, series consmstlng of sines...We- may“be given a
function in the interval (0,[]) and-wish to £ind, ther,;;

s plcenstants. (G Cor i Cgiran s in the series i v i
f(x) -w'1,51n X+ 02-51n 2x - CBFSln 3% +..0a.(4)
’(‘-~' fog siis o soror) Jeooard s FARCL L i

<CA dev1ce whlch ‘has been; known sincerabout 1750 for: fihdlng

these ¢onstants is the follow1ng. {There are certain

- ‘logical difficulties.in,this ‘procedure which will not}be
discussed here. It is not always allowable to 1ntegrate
-an “infinite series -term by term.) It ‘was, .noticed. that, if m
and n are dlfferent whole numbers, then

0. .‘- R b f' . v PR A

s TT 51n mx ‘gin nx dx ;’o ;hlw:,.(S) IR
o b ,~ . ; s o o v : "
To flnd say, c3, we multlply equatlon (3) by 51n '3x and
rlntegrate from:7. 0:to'T[. - This will wipe out:all the- -terms
except that contalnlng c3 and we shall have

i i e

5 TT f(x) szn 3x dx _‘7 As TTs:‘l.nl 3xfa§.3.(6)_

e L e ©a r IS oo F e i bt - oo

Asvsoon,asrwe:have Worked out the 1ntegrals we shall have
the Value Of NoE Sroy [ F e [N SE et onime e

‘Here; we have 51ngled outAc' 'in- much the same ~way - that we

'-51ngled out:! X¢1n . the 3—d1men51onal problem. -The.analegyin

Ll Page 7
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