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PROBLEMS RELATED TCO ORTHOGONAL MATRICES.

1. Write the matrix M for rotation through 0. What is the

geometrical meaning of MT? Is there any operation, other

than transposition, that will change M to M'? Of what \“1(;/9
general thecorem is this an example?

FPind the eigenvalues of M, and plot them on the Argand
Diagram. Why might these values be expected?

2. Find the matrix M for the rotation that sends OX to 0Y,
OY to 0%, and 0% to OX. Find M* and M°.
M has only one real eigenvector; call it v. Find v and
the eigenvalue associated with it.
Choose new axes, which are not to involve any change of
scale on the axes. The first axis is to be in the
\/direction of v; the other two are to be perpendicular to v
and to each other. Let X,Y,Z be co-ordinates in this new
system. Find the matrix L that gives x,v,z in terms of
X,Y,%2; find the matrix N that gives X,Y¥,Z2 in terns of x,vy,z.
Mention anything you notice when comparing L and N, and
explain it.

3. Choose any 3 perpendicular unit vectors, u,v,w. Do not
take obvious ones; none of them should be along any original
axis. X,Y,%2 are co-ordinates based on u,v,w. Write the
equations giving x,y,z in terms of X,Y,Z; also the equations
giving ¥X,Y¥,2 in terms of x,vy,z.

Choose an ellipsoid having axes in the directions of
u,v,w. Write its equation (i) in terms of X,Y,Z, (ii) in
terms of x,v,z. Write the matrix associated with its
equation in the x,v,z system. Find its eigenvalues and
eigenvectors. Comment on the result.

1. Find the shape and orientation of the conic
2
36x" +24xy +29y2 = 180, (Find the eigenvalues of the
associated matrix and take co-ordinate axes along them.)
2. Find the 10th power of the matrix ( 5/2 -1/2)
( -1/2 5/2 ) .
What is the most complicated fraction that can occur in the

nth power of this matrix?
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MATRICES.
The matrix ( a b ) can arise as an abbreviation;q,*
(Cd) .- -
for the transformatlon (x,y) -3 (x*,y*) where-
* = P
(I) X ax by'-,j v¥ = Mv for short.

y¥ = cx # dy. - fet

This :is probably .the most natural way into the subject
of matrices. | 7 :

A matrlx ‘can also by used to.specify the expression

ax® + 2hxy + by2 .asf ery)'(a h).(i)' {TI)'

(h b) (y) .
To do this we have to bring in the row wvector (x y) ‘as
well as the’ column vector (x)Y. = (x y) ils- known as the
o (y).- :
transpose of - (x) We can wrlte' (x y) (x)

- (y) . Lo L (y)
Equally, the: column vector is the transpose of the row
vector. Transposition means. that rows are changed to -
colunns and columns to rows. This operation can be
applled to a matrlx as. well as to:a ¥ect0r.“., o
e {a b)) = {a c)
: : {c-d) (b-d) ..
The expre5510n (II) has the form v Mv.

These expreSS1ons have geometrlcal 51gn1f1cance.n”'
v 'Mv .= constant 'is.the equatlon of a conic: If P'is a
p01nt ‘on . this-cdonic, and v = OP-it can be proved that - :
Mvo is a vector g1V1ng th8 dlrectlon of the normal t03jg
the conic: at P ‘ - : :

Transpose of a product L
The product A_BC 1s glven by the formula a; _éb 13° jk d
-

The transpose of A, a has a éb ji' The formula

k—akl

for a matrlx product must have the form () k_é() () Tk
which is not so in.the equatlon above. - We Can bring Tt

T T .
to .this form by. u51ng.bk =h" 3k “and’ le =C iy
thisg! glves“a _éb jk_ _éc J jk; whlch 1nd1cates' ]
AT = C B . The transpose of a’ product is-the. product
of the transposes in the reverse order.

Page 1



Exercise. Consider the case in which S

M= (10 -6) and S = (2-3) . Find the matrlces that
(2 3) (12 . -

correspond to M in the new axis- system (1) when M.is .

used to deflne a transformatlon, (11) when M 1s used to L

define a conic.

Transformatlons that preserve lengths and angles.-'
It is an advantage of matrix notation.that the

theory takes the same form in any’ number of" dlmen51ons..;

If a rlgld body moves, all the lengths and . angles.are.
unaltered so it is- ‘natural: 'to econsider transformations.
that have this property.' Theré are some. transformations

that have this property but cannot be realized by moving

the body - reflections in'a mirror; for instance. Wé
shall not exclude these from our considerations. - ‘
It is possrble to £ind this set-of transformations

solely from the condition that all lengths are to remain .
unaltered, for if the lengths of the sides of a trlangle

are unchanged the same must be true for the angles in -

it. However, the algebra is slightly simpler if wé ppose |

the condition that all scalar products (dot products): .

are to remain unaltered. - The’ scalar product, u.v; can’

be expressed in matrix notation as u'v,

An old- joke ‘is that-a matrix can represent elther an

alibi ‘or an alias. "Alibi" means "somewhere elsée" and
can be used to describe  a transformation that" sends
some‘bbject toa new position.: "alias" means a new name
for the same person, and applles when we change axes,

and thus specify the same 'vectors by a new set of

numbers. The’ algebra is exactly the same ‘in these. two ¢
cases. You can use elther you 11ke to v1sua11ze what 155

happenlng ' o
We suppose ‘then that our vectors u and v are to ‘be’
replaced by U and V, with u=SU and w=8Vv, dand that this
is to make,_no difference when 'we calculate the éca&ar
prodpet, u'v., $h transpose ‘rule shows that u =U"S~
SO0 1V begomes U S 8V, and we demand that tElS be the
same as U V. Clearly this will be so if 878 = I, the
identity transformation. In fact this is the only way
it can happen.

Page 3
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K=C/N WITH N=?20

c=27
F(0.35,0.05)=9,98577425 }
F(0.35,0.1)=9.21034037
F({0.35,0.15)=9.48559992 |
F£0.35,0.2)=10.7295861
F(0.35,0.25)=13.8629436
F(0.35,0.3)=24.0794561
F(0.35,0.4)=-18.3258146
F(0.35,0.45)=-7.98507696
F(0.35,0.5)=-4.6209812
F(0.35,0.55)=-2.989185
F(0.35,0.6)=-2.04330249
F(0.35,0.65)=-1.43594305
F(0.35,0.7)=-1.01907127
Fi(07.35;,0.75)==01, 719205181 :
F(0°35!,05.8) =-0-.495874558. §
F(0.35; 0. 85) 5=0), 325037859)
F( 07735}, 0, 9 =-0-19156 457425
F/(0.35507, 95)_-0?0&5¢88&2&1
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PARTIAL DIFFERENTIATION.

1.) P is the point (x,y), Q is (X,¥). Find op?,00%,PQ%.
What is the condition for OP to be perpendicular to 0Q?
Simplify your result.
If u and v are the vectors (x,y) and (X,Y), how would
your result be written in vector notation? What is it
called?

2. Let f(x,y) = (ax2 +2hxy+by2)/2. At what rate does f(x,y)
change if (x,y) moves with velocity (dx/dt , dy/dt)?

If a=1, h=0, b=1, what is the condition for df/dt to be
zero? What does this condition tell you about the vectors
(x,y) and (dx/dt,dy/dt)? (Remember question 1.) Is this
reasonable in the light of what you know about geometry?

The line through a point on a curve, perpendicular to the
tangent is know as the normal. If the curve is
f(x,y)=constant, with f(x,y) as given at the start of this
guestion, find a vector that gives the direction of the
normal to the curve.
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PARTIAL DIFFERENTIATION.

1.) P is the point (x,y), Q is (X,Y). Find 0P2,002,Pg2.
What is the condition for OP to be perpendicular to 0Q?
Simplify your result.
If uw and v are the vectors (x,y) and (X,Y), how would
your result be written in vector notation? What is it
called?

2. Let f{x,y) = (ax2 +2hxy+by2)/2. At what rate does f(x,v)
change if (x,y) moves with velocity (dx/dt , dy/dt)?

If a=1, h=0, b=1, what is the condition for df/dt to be
zero? What does this condition tell you about the vectors
(x,y) and (dx/dt,dy/dt)? (Remember question 1.) Is this
reasonable in the light of what you know about geometry?

The line through a point on a curve, perpendicular to the
tangent is know as the normal. If the curve is
f(x,y)=constant, with f(x,v) as given at the start of this
question, find a vector that gives the direction of the
normal to the curve.



PARTIAL DIFFERENTIATION.

1.) P is the point (x,y), Q is (X,¥). Find op?,00%,20%.
What is the condition for OP to be perpendicular to 0Q?
Simplify your result.
If u and v are the vectors (x,y) and (X,Y), how would
your result be written in vector notation? What is it
called?

2. Let f(x,v}) = (ax2 +2hxy+by2)/2. At what rate does f£(x,y)
change if (x,y) moves with velocity (dx/dt , dy/dt)?

If a=1, h=0, b=1, what is the condition for df/dt to be
zero? What does this condition tell you about the vectors
(x,y) and (dx/dt,dy/dt)? (Remember question 1.) Is this
reasonable in the light of what you know about geometry?

The line through a point on a curve, perpendicular to the
tangent is know as the normal. If the curve is
f(x,y)=constant, with f(x,y) as given at the start of this
question, find a vector that gives the direction of the
normal to the curve.
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6.18297927E23
1.54595948E25
4.02000993E26

FACTORIAL

1

2

6

24
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40320

362880
3628800
39916800
479001600
6.2270208E9
8.71782912E10
1.30767437E12
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3.55687428E14
6.40237371E15
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2,43290201E18
5.10909422E19
1.12400073E21
2.58520167E22
6.20448402E23
1.55112101E25
4,03291461E26

RATIO
1.08443755
1.04220712
1.02806452
1.0210083
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1.01196776
1.01046565
1.00929843
1.00836536
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1.00596911
1.00557019
1.00522124
1.00491343
1.00463989
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1.00397584
1.0037948
1.00362953
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1.00321011




BERNOUILLI NUMBERS

B(0)=1

B(1)=-0.5
B(2)=0.166666667
B(3)=0
B(4)=-0.0333333334
B(5)=0

B(6)=0.0238095245
B(7)=0

B(8)=-0.,0333333379
B(9)=0
B(10)=0.0757576189
B(11)=0
B(12)=-0.253114136
B{13)=0
B(14)=1.16667745
B(15)=0
B{16)=-7.09241926
B(17)=0
B(18)=54.979315
B(19)=0
B(20)=-529.43755
B(21)=0
B(22)=6206.78938
B(23})=0
B{24)=-87400.5253
B(25)=0

B(26)=1479539.33
B(27)=0
B(28)=-31436265.9
B(29)=0
B(30)=966346303
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STIRLING'S ASYMPTOTIC SERIES.
Gauss used the definition of 1ln z! , wvalid for any z with
real part > -1,

372

z! = limit n! n (1)
n ——200 (zZ+1)(Z+2)eeeeenna. (z+n)

Let L(z) = 1n (z!). Then

71n ln(z+r)] (2)

L(z) = lim [ 1n (n!) + z ln(n) = ¢
Differentiate. L'(z) = lim [ 1n(n) - < 1/(z+r) 1] (3)

Differentiate L"(z)

lim ¢ 7 1/(z+x) 2

¢,°° 1/ (z+1)? (4)

Now 0 (z+x)_2 dx = [ —1/(z+x)]x=0OO = 1/z (5)
Buler-Maclaurin gives for any analyvtic function f(x)
{," £(x)ax = £(0)/2 +£(1)+£(2) .. .+E(n-1)+E(n)/2 -
- by I£'(n)-£"(0)) - b,[£"(n)-£"(0)] - ..... - & da
(2xr-1) , {(2r-1)
- b, [£f {(n)-£ (0)1 -
(2r+1

$ n-1 S m+1
m

- (x) dx | (6)

P2r+1(x—m)f

Here bn = Bn/nl .

We now take f(x)= (z+x)_2 and let n --> oo, so the
i?tegral in (6) makes the left-hand side of (6) equal to
1/z.

Then £'(x) = -2 (x+z) >, £"'(x) = -2.3.4 (x+2z) > and so
on. The factorials that appear cause b_ to be replaced by
Bn' Also all the derivatives tend to zero as n -->oco.
Only those involving x=0 survive, and these givep negative
powers of z. Thus equation (6) gives

Page 1
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TENSOR CALCULUS,

Tensor calculus is concerned with objects that are
specified in many different systems. As an analogy, suppose
our information about a building is based on a number of
photographs taken from various viewpoints. All the
photographs are dlfferent but they all cause us to 1mag1ne
the same building.

Usually we are concerned with geometrlcal or phy31cal
objects. Suppose.an origin has been chosen on a sheet of
paper and another point marked. With one choice of axes it
may be recorded as- (5,0), with another it may be (4, 3) We
can f£ind the transformatlon needed. to change from one . - -
system to the other. We call. {(a,b) in the first system the
same vector as (c,d) in the second if they correspond under
the appropriate tranSformation. The vector is- regarded as
an objective thing described in many different ways in
different systems. .The transformations that convert one
system to another are always supposed known.

We can express by a formal test what we mean. by saylng . :
a vector is "an objectlve thing". We shall regard v o :

as a vector if (i) idit-is spe01f1ed in each system- by a row :
of numbers;, (ii) the numbers in any. pair of. systems are .. -
related by the transformation appropriate to these systems.

We. shall be concerned with objects other than! vectors.. .-
In each case, something is accepted:as a tensor if. all the
users of different systems can agree on what it is. Agaln
the condition for this will be that 'suitable
transformations w1ll enable us to change from one system to
another.

Tensors play a great part in general relat1v1ty, the
basic idea of which is that, amomg the representations:
considered, none is to have a privileged_position,
Different equations will of course appear in different
representations, but these must differ only because of the
different co-ordinate framework they use; in real terms
they must all be saying the same thing .

General relativity accepts the use of curvilinear
co-ordinate systems. We shall not consider these here, but
restrict our work to linear systems, which are sufficient
for special relativity.

Vectors are a particular example of tensors; they have
objective meanings, as, for example, displacement,
velocity, acceleration.They are known as tensors of order
1.

Tensors or order zero are the simplest of all. They are
single numbers that can be transferred from one system to
another without any change, and are known as scalars. In
Newtonian mechanics mass is a scalar. It does not matter

in what directions you choose your axes, masses remain the
same.

Covariant and contravariant.
With oblique axes, there are two ways of specifying a
vector. In (i) we resolve OP into components parallel to

the axes. Then OP is recorded as x{1) ' (2) Here 1 and 2

label components; they have nothing to do w1th powers.
In (ii) we drop perpendiculars. OF is then recorded as

F

F1,2.
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- equation :(2).

Now let :x T-. cos A : _.2 911 9q2 ; £ 5
( cos A 1 ) ) ( 9y, géz )
Then x1 = g11x!1)ﬁ+-g1ix(2). '
¥2 7 921x(1) * gzzx(Z) .
This means X, = giaxj el (1) : 3',J;q Hi:
Now 0P% = g.5;= xixi=— x g i3¥ x3 n\gijxixjf...(2l

Many treatments start from equation (2); it is supposed
that the length of every vector is defined and that Iy4
are the coefficients that occur in. the expre551on for the
square of the length. It is' understood that 95
Equations (1) .and- (2) are used for work ‘in” Any (%1n1te)
number of dimensions. S
We were -led to .these equatlons by con51der1ng the st
particular .case of 2 dimensions: The theory: for n . o o =
dimensions starts by assuming .that length is defined by
- It is then shown ‘that this definition
implies the existence of a scalar product,  and that.
equation (1) fits nicely ‘into .this. . This will be shown in
the following section. ‘

The Polar Form. !
Consider any two vectors x and 1..Let |“[ and '|y| denote
their lengths, We have ’ '

-(xl+yl)(x3+yjf-;v

9, jxlf +94 jy xj 13X y3+g Jy iy

|X|2 + 29 Jx iy 4 IYI

|x+y |2 =

Sas g.i is symﬁetric.;
2 2
SR b

is 1nvar1ant, i.e. 1t 1s ‘a scalar, the same 1n

Therefore Zg x y |X+Y|

S0 g J Y:f

every system, 1t 1s in fact the scalar product ‘of x and x.,
We can wrlte the abbrev1atlon y for g Jy

scalar product appears in the form xT y
earlier. . .
Eguation - (1) may be regarded

so the
_ Whlch we met
‘as deflnlng y pa’ symbol

that has not been used: prev1ously 1n the general case.
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