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An Introducticn to the Theory of Funeticns.,
_I_ntmdughgogﬁ

I should like it to be eloar that I am not spoaking on
this subject as a spueiamlist. I becume intorested in this theory
as an ald to mathematical nhysies. Cften onc has the forling of
gropving in the dark: one obtains sarticular recaulis, perhaps by
caloulation, but a fo ling remaine that one has f:iled to agrasp the
significance of those results; somothing sug-nsts that thoro is a
quicker, & moro powerful, & more iflluminnting way of dealing with
the problem, I had this feoling in connection with difforontial
euaticnes. This ferlinz disap.eared after I had read certain books
on the theory of funotions, Many poonle pProbubly know that this
theory oxists: few reslise how mueh one oan do by its alde
The fault liec largely with the textebooks which nragont the subjoot
in a dead form.

It is ecleoarly impossible to explain suoh a vaat subjoet in
fortyfive minutes. DBut I fe-l that boys who intend to be mathematicians
ought to know somothing of this subjeot bLefore they Reave school for
university: in partiocular thoy should have an idea of its mothods,
scops “nd pos:ibllities, That I shall try to convoy in part, this
afternoons If the subjoet is new to you, it is not imﬂortﬁn£ to
follow the steps in each particular rmuuit. Rather, the objeaot ia |
Lhat you should seo the kind of result that is ohtalnad and the
type of arsument that is used. Partioularly not o the 1£tt15
calculatiocn used: the subject is such that, onee grasped, it oan be geen
as a whole and kept in mind without any strain on the momory. :

In many schools, far too much time is spent on particular srobloms
80 that pupile fail to ap reeiate the genordl structire of mathomatica,

Yodorn mathematios consists essentially in gﬁgﬁggggggéégg;

Tho older mathemntics asked « solve this problom. lodorn ma wmatics
askke « what typo of solution is to ba,aéyaetaﬂ. what mothods are
roelevantyd Hfovr = chdle cflass S} pdirlem-g :

The theory of funotioms is & typlenl example of this vory
seneral approach.

égg;zt%u ggggtgnng,
Tho theory ariscs 80 soon as wo start to discus  funections of a

complex variabla, 5
W'f{l], ﬂiﬂ"‘@ﬂﬂn-ru mﬂinﬁduu (1)

We obvicusly want to consider funotions on whieh the oporations
of calculus - difforentiation and integsr-tion en boe earried out.,
A point immediately arises, viich docs not cocur in tha thoory of
real functions at all,

We can explain the integration of a roal funotion £(x) =
without any attompt at risour - ms the sum of borms T(x)dx,
For the definite intﬁ.'_:ral,f%)dx we divido the intorval (g, 1)
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into parts dk ’ & jx | &
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multiply f{x), sum, and pmwad to the limit. Thor e 18 no
embiguity in regard tﬁa the path by which X gocs from g to R
in the mlu domain it is essentlally difforent.
Ropresenting z = X + iy as is usual the point (3y) on the
Argeand Dia » Z oan pass from 4 to b by a great variety of
different routes, and we may get entirely different values of

f;b{(z}.dz. for these different routes.

ol We are therefore led to impose a restriction on our funetion
y tl I} is Iﬂt'ﬂ.‘rtﬂ bo anelyvt

if it is
defined thare, end S z
is independent of tho path Joining g to b, for paths which lie
n g entirely inside that region.
/ J_e}j f This condition eppears in toxtbooks as Qauchy's Th f
7T but 4t s very me pointed out how fundamental Th : 5
If we 4id not have this preperty, there could be no thwry at l.'L:I.
for the mtagmtian of complex functions.

T yt?a the Mtian is expressed by the cquationsX
L4 ¢ L T 'r:[l_. 'f
*-n’ﬂq-h . - eyl

i1 _j which may Maal‘[..lr saying that the rate of
ot g change in 1n any ﬂireet—tun l.l tha same a8 that of Y in the
wl direction 90° further roun

R\/Q

These conditions, imown as the Cauchy Riemenn ec
are satisfied by all the elementary functions -« po :
exponentials, trigonometric functions oteo., except at eartaln
epecial poin%l called Singularities. For example, w —%

satisfies these conditl ns at every point oxcopt 2 = 0,
where W itself 1s infinite.

Functions may be: SINGLE VALUED ag w = z°

——

MANY VALUED as w = 2
INFINITHELY MARY VALUED 28 w -:;,J‘;_,.:'Z..
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The equations (11) are immediately recognised by the ?harliuht.
They oocur in the theory of vitation, heat comnduction,
eleotrostatice, magnetism, eleotric currents and hydrodynamics. ,
subjects all of whioh may be visualied as desling with tho Zakw
flow of some fluid.

is known as the stream functiom. The ourves y = constant
are the lines of flow,

—
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The difforence in v botween the points 4 end B is oqual
to the fluid orossing the Yine AB in one second,
4 is called the feloeity Potential.(¥or the flow of heab
U equale the temporature with A miNUE e The gurves u = constant
- Oross ¥ = constant at right engles. The veloeity of the Gurrent
downst is equal to the rate of ¢ e of %;
Thue to any mXzmmmiykimm analytic function ihere gorresponds
@ way in which fluid can flow., But the converse is also trus.
To o‘rer{ suoh wey in which sm fluid can flow, there corresponds an
an alytie fumction., (X See note)
The simplest example of this is given by the functionm
g itsolf, If we we bave to ecmsidor the real end imaginary
ris of x + g‘.. lines of flow aro E = gonstant,
bus we are defling with fluid whioh with uniform specd
parallel to the x axis,

wWwe 3

If we consider w e Ia. we have u ¢ iv = {:u-iﬂz = :xa - :ﬂﬁ.;..zxy,
Thus v =2xYy and the stroam linee are rectangular hyperbolas,

IR

(XeThe flow is tacitly assumed to be imsatiemedt *witabio sl )
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If a function becomes infinite like (2 —u." at a point a

it is said to have a pole of order E_nt & « A pole of the first
order may always be recognised by the ™two petalled flower™ which
occurs in its graph: a pole of the second order always gives us a
four petalled figure, as in L.t and gemerally a pole of order o
gives 2 » petals, Z ” ;

e i-gival a mich more complicated singulerity at z = 0,
having > petels there. Any singulerity of this type is called
en gssential singularity,

Any phisicist Xk looking at the figure for Z would imnediately
say "I imow what this is, It is a picture of the lines of force of a
magnet®™, A magnet corresponds to the flow of fluid in whiech is
produced at one point and made to diséagear from a second voint very
close to the first, e

A point at which fluid originates is called a 5§¥;ﬁ;1 a point
where it diEsappears is called a « Any point at whieh sources,
or sinks or both exist corresponds a singularity of the amalytic
function, and vice versa,

Bingularitios at Infinity,

In the figure for w = 2, every point is normals There are no
Sources or sinks in the finite part of the plame, Liquid appears
from ¥ - —os and disappears towards X=400 « We are dealing
with a singularity of infinity. :
We now want to consider the nature of this singularity at .
infinity. For this purpose it is convenient to make use of a projection,
We suppose a sphere placed on the (x,y) plane at the origin.
and with the North Pole as centre of prnjaut{nn, we project from the
plane into the sphere,

,I--.-Ip-n-“....r?. ™~
-~ > e



In this way, to the flow of fluid on tho plane there gorresponds
a flow on the sphere, and the theory of analytic funotions can

be based on this flow on the sphere just as casily as for the
plane, with the advantaged however that infinity lLoses 1i# special
position. The distant parts of the plane project imtc the region

aruuni »
ghe lines y = comstent on the plame project into ocircles on
}iha sphore. If wo look down on the North Pole J we shall soe this
gure. T
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80 z bebaves near N exsctly like § near 0, |
In the serme way we may verilfy thet 2t heheves near N like <, bear

L
We sey < lms a simple pole at infinity.
-2 has & pele of scoond order at infinity.

_ When our physioist saw the diagrem for w = 2 he
described it as ¥"the field of a magnot ond at the origin,®
You will notioe that he regarded scumet as existing et the singularif
allithe regular points he regarded simply &8s empty spaces The
behaviour of the ocurves at theso empty points he regarded as

complet determined by the existence of the magnet at the Orifllh
; a'gu sug:eats a corresponding theorem for pure mathematios:

L8 V1o S b T

add Gl ¥V LLO LUBRQTALOE
near 1%s sinevlaritios
Or example, we were Lold thal ourrent flowed in at
the North Pole of our aphore, and out again 8t the South Pole,
we should vot doubt that the stpedy flow would be down the meridiand,

If now we allow the sink to move up from the South Pole,
until it is cloge to N, we shall still have a determinakkste
problem -« though one not so simple %o golve, and the flow
g:rranpoming to this dipole et N will in faot reproduce the disgram
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One point should not be overlooked. The valoeity of flow is
ate of change of u, Adding a constant to

\l, Takes No differemce to the way the flufd

l%atmt of our thecrem is thust

flows. The preoise
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= 3
An illustrstion of this « the functiom /.., /.. behaves
like F Al

——

like LG e
==/
like ot ot =%
y Rl !
ite singularitios are thus the same as those of
2 E -._-'"__.-. " _,_G...

Z- | 2
fm mm n-. uan. thnrnfore diffor only by a constant,
. ! 5.0 ng  appears quite naturally.
-' 00 lpp o8 Aot only to polynomicls,
We can rnr instance appl —5=z + This funotion becomes
infinite at z = o mm t. bnﬁama 11L 7 and it bebaves

similarly at ¢ = * [, ;o
here is an sumtiu singulnriw at iafinity. In fact,
1
b Rnpaige o S S g i
LJT;{ 2 & e ) el *2-3 : r’zwl :ﬁzw_‘;

a result whioli may be regarded aa an sxtenslonsof Partial Fractions.

The only urrtm: what oan arise in suech oases is that
the sories may diverge. 8 dih‘ioﬁtr gan alwaye bLe overgome LY
a partioular device of wh;l.ah the det ].l can be found in any taxte
hml: under the heading KitisgeL TheoTen

Thaalnplultam;-enlp 1oation of a function is

11e8 Theorem which states that any single valued function
- ne : Mlarities at ell is & constant, This a vary reasonable
result. A :t-rm can only start at a sourget but every source is a
gingularity, so there can be no begluninzg and mo end of =any stream,

A stream cammot rotu mm u-alf, as o a widrlpool, if
the potentisl ia single vaiue z one poseibility remains e
the fluld is at rest, and the purt.nnt al is constemt over the whole
spheres It is mot surprising then to be told that 1f a funetion is
free from singulerities, it must be a oconstant, It is a pity that
many text-books prosent Lionville's Theorem simply as an ana um
theorem, without any indicaticn of this mphim gprn“h
if not & rigorous proof, is at any rate an excellent eild to mm.

In &l)l the examples we have so far oonsidered, the singularitics
have involved socurces and ainks very olose togethar iilm the North and
., Bouth poles of a at. It is natural to ask umi funotion ariscs
when the two"magnetio™ poles are separated, snd we have & source or &
sink on its own, Lat ugs consider for m‘h’“‘ happens if fluid

is genersted at unit rate at the origin, end flows out uniformly in all
directions.



First, it 13 cleer that this flow cennot correspond to a sinzle valued
funﬂtion-

P AR

We have secn that the chamge in the stream funotion, .*
between any two points, measures the rate at which fluid crosses the ki
linejoining them, If we consider a path APCB whiech goes round the
orlgin, we see 1(3] - v(A) = fluild orossing APQB in e seoond = I,
S0 that we return to the point A with v incrouged unity ebove its
original velue there, Tech time we ge round the ordigin, v
1:;:“«9::@ by I. v, and hence &k +iv algo, is therefore :I.n!‘in:l.talr uany
valued,

The flow of the fluid is obvicusly redizls The fluid

urang!. CD in each seocond s

is 9 7, where [ = /bcc o L E
We may thus take v - 44 o7 -
as the phreesm furotion, \

(I% wAll be noted that thie : -1
exXpresslon luereasges byl lor S A
each Journey round the origin). & c

Since unit quentity of fluid emerses from 0 eash second, and
the fluid ie incompressible, unit quantity must eross any oirole with
centre C each sooond. The radisl veloaity at distanse F] mut-?r :
acoordingly be .-, u being the velooity potential, o

vl h ! an 20 h

M = b oo A
Aocordingly U - 97 3 ¢ 6.—‘5

- 4
e | Lo M
Tius our funeidou L+ (Vs i gk 418 s jlgh+ %<5 rf}@
The fumotion log 2 thus corresponds to a ‘ourcd’ of stradathl: at the
origin, with an equal sink at infinity, .
This procedure ehows how olosoly allied log g is to Z
Students first become aware of this ralationship bet 2" "and log 2

when thay are lea ¢ integrate. .. 2 ia usually a power
of %, tut 1s a logaritimic function when n = },
Although log z 18 valuod, the flow of fluid to whioh

it corrve ds 18 quite de te, and there is no iiwx diffioulty

11; dui;_eﬂuing logaritimiec funciions from their bebaviour near .

singule il ™ . —
Thus log {x*’“{l has @ l:lnguurl.t{ « & pouroce of gtrength 2.J/

&% avery point where x3 — y:- o 6e 80 «l, 0, +1,

The ssme is true of ﬁ!aﬂ}; log g + 1051.*‘-1]. -

These functions ocan y differ by @ constalt, and are in fact equal.

Taking entilogaritims, we obtein , 5_, _ (x+) x (X =)

The fact that any po al can be res lved into factors
corresponds to the faot that the logeritim of any polynomail
reprosents the flow of fluld from & pumber of saparate sources.



A more interesting example is ’S?ﬂz&m fz
Near g = 0 S.fT=2 approximates to

log Ao JT 2 approximates to {03 i "f"@g_ z

We thus have a source at the origin. The periodicity u}‘ 4‘/'@* Tz
shows that we shall have sources of equal strength at - oE
but such a flow would correspond to the funection !

,1*'%(&3‘%1—&3{!*1"‘)-}1;“_ - X )
<l z (1-20( - F S BL) (1~ ) <-e
These two funbttions 1:}‘ 1‘&&;‘: ditg‘a only byzat constant,
fooortinely o f==wa(1-2)(1-Z)(1-F)
Thid well known reprsgentabion of 4w IMZas an infinite
product thus appears as a natural extension of the resolution of a
polynomial into its factors.

The same procedure, with certain vefinements not now discussed can
be applied quite generally.

-
)

abr t

We hace seen that any rationel fumeticn csn be obtained by
corsidering the, flow of fluid on 2 plane., It ie clear that some
exteneion will be nedessary before we ban obtain a function such as

e which is double~valued.
A ' 5

We firsl comstruct a specisl surface, as follows. We take

two plenesy O/ end ,Cf ¢

——
AR P 0
——‘\b o ] .n‘f:l ]
(¥ (oL —sull Uy 40 73
| S ¥ i
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and make a straight out in eachs. We mow place > on top of /i
and conmnecte say with fine wires- the poinmts at %o o /. 4 ... .~

1,&_56 & (g &nﬂ ﬁhﬂlﬁ H.t' _Et':;gjj-’l-. (1% -':"'.‘} ‘_'I%Fa(‘ H:-‘K_' ﬂg.f-h /i\ g

Fluid’ can now flow on ¢ from ,:} around to _?g,i,ath-n#down to ;E}
:E,.L.')f':q'\-f‘l. r!f_i LE_I'I'I?_Q'L, f;;i:* 1,_‘}‘:*}&1'}1 J‘Nﬁ ﬂ.?f{.ar:., é l?uh J{"

where the fluid originally started,

This surface ies known @@ the Riemsnn surface afJZ « If we put
sources and sinks in any way on this surface, the resulting flow
will elways represent some function of /Z « The values of /
and \/ on the upper surface will glve one value of this funcilom



those on the lowe® surface, the other,
Tha orospover from the upper to the lower surface occurs
- alomg a line jolping Hton® + ¢ &> are called Branch Points
of the funeotion .,z ;
In the same way, & representation cen be found for any

algebraic functlom, by considering the flow of fluid on a suitadly
constructed surfacs.

m:rrarmtiﬂ Fguations.

An impertant application of the theory is to linear

differential equations. This appliocation depends upon theorems
guch ast

/ ! .

1f W'=Pv'tY W , the solutions w have singularities
only at the points where p or g have singularities.

That is to say, the singularities of the solution w ecan
be deteeted by inspection of the coeffioients in the differentisl
squations p,gqs The behaviour of ¥ near these singularities
is easy to determine, But once we Lnow how ¥ bohaves near its
singularities, we know all about w as we have seen earlier.

For exgmple, gonsider the uqultigp

z.(z--"ﬂr" 4=+ 2w =
If we divide by 2{z-1) so that ths coeflicisnt of w" becomes
wnity, t‘%“ E;ﬁmilg_ixr; ccofficlents of w* and w are infinite only

phvialy el 1s in generel also mecessary to comsidey the point
z «00 4 Imn this partloular case~; is not a singilarity,
can accordingly have gingnlaritliesg only at 2=0and 3 = 1,
gy means of approximations it 1s easl shown that w is single
velued near these peints, and hss simpls poles there, So the
general sclutiom ean only differ by a eonstent fromfw= A + "
% ﬁ!

where r% and B are arbitrary constants, Actually the constent
1. a8 .

A gelerel clugsiricebion of linear differentisl equations
has been worked out on the basis of the number and type of
singularities which the coefficlente possess., An important
example ig the Hypergeometrioc Differential ¥quation, whioch has
3 singulerities of a simple type,

Befer ]

The literature in ¥mglish gives the results of the theory
of functicns, but too oftem, in my experience omits all
reference %0 the underlying ideas.

Klein's "Leotures on the Development of Mathematies in the
AIX Century" git::‘ in Chapter 6, en account of how Riemenn was
led by his inter in physics to hie basic ideas, These ideas
are also explained in deteil in a paper on ®"Algebraie Punetions and fox!
their Integrals® in Volume III of Klein's Collected Worke.
An excellent explanation of Riemann's methods is given in the self-
contained Bection 3 of Hurwitz~Courant "Funktionemtheorie*,
More advanced but well worth study is Klein's "Lectures on the
Hypergeometric Munction®. The#e works are all in Germen., Some
effort should Le made to0 popularise these ideas im the English
language.



