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ANNQULICEMENTS JOR #fi.i.D." 6. "ABSTRACT AHD COHCRETE!

BY PROFESSOR W.W. SAWYER

OPENING:

Q.8.0.

We're broadcasting now the sixth programme in this
series on the teaching of mathematics. "Abstract and
Concrete', d.w. Sawyer, Professor of Mathematics at

Wesleyan University, Connecticut, paid a short visit to
this country last summer, He recorded for us then, a
talk in which he reflected on these two aspects of
mathematics, and on the way they come together in the
teaching rprocess.

VABSTRACT AND CONCRHETEn

CLOSING:

That recorded talk, "Abstract and Concrete', was
given by w.W. Sawyer, Irofessor of Mathematics at Wesleyan
University, Connecticut.

The next programme in this series will be broadcast
a week today, when Kenneth Austwick will be talking about
the use of "teaching machines" in the teaching of mathematics.



The phrase "the teaching of mathematics" can be read in two
ways: you can put the accent on "teaching" or you can put it on
"mathematies". So far, the emphasis in this series has been on
teaching, and we'lve stressed the importance of intuition for
effective communication. 4 mathematician might object, "Yes, you're
teaching something, but is that something mathematics?" And he'd

£0 on to stress the essentially abstract nature of mathematics.

Now, there undoubtedly are these two slements in mathematics,
intuition and abstraction, and they're in some sense opposites.
A teacher's continually trying to bring the subject down to earth,
to make it intuitive. A mathematician's continually trying to
purify the subject, to make it abstract. A good mathematician
feels that teachers continually distort the subject, and a good

teacher feels that mathematicians continually obscure the subject.

To teach mathematics successfully, you have to be aware both
of the intuitive and the abstract aspects of mathematics, and

somehow to unify these.

Why do we have to emphasise abstraction? The answor's simple.
If we didn't emphasise abstraction people would think that
mathematics dealt with actual-objects in much the same way that
physics does. But, in fact, mathomatical questions, as a rule,
can't be scttled by direct appesl to experiment. To use a hackneyed
example, puclid's lines arc supposed to have no width, and his
points no size. No such objects can be found in the physical world.
Euclid's geometry describes an imaginary world which resembles
the actual world sufficicntly for it to bs a useful study for

_surveyors, carpenters and cngineers.



A re?glution in physics might change our idcas about the attual
world. But it couldn't change our ideas about Zuclid's geometry
any more than biclogical rescarch into the habits of wolves could

change the story of Little Red Riding Hood.

One of the most profound and controversial abstractions of
mathcmatics may meet us almost in the nursery. We've a book
entitlad, say, "Nursery Rhymes". On the cover is a picture of
a boy haprily reading a book called "Nursery Rhymes®, on the
cover of which there's, of course, a smaller boy reading a book
called "Nursery Rhymes" .... and so on. Children are often
intrigued by this, and sec that the picture involves an unending
sequence of smeller and smaller boys reading smaller and smaller
books. MNow, of course, that uncnding sequence docsn't exist in
the physical world. B&ven if the artists is conscientious enough
to usc a microscope, he has to stop drawing some time. In the
last resort, he would be halted by the atomic structure of matter:
he can hardly draw a book smaller than a hydrogen atom. The

unending sequonce exists only in the imagination.

Infinity is something that we can never experience, and yet
it's a central concept of mathematics. Our whole thinking is
bascd on the assumption that there are infinitely many numbers,
so that counting need never stop; that there are infinitely many
fractions between 0 and 1, that thﬁre arc infinitely many points
on the circumference of a circle. Our imagination lcads us
naturally to the idea of infinity, but we have no guarantee that
it's justified in so doing. Mathematicians aren't agreed as to
the logical standing of infinity. In some centuries, mathematicians

have taken all kinds of libertiss with infinity.



In others they've burned their fingers with paradoxes, and have

recoiled somewhat.

In the presant century, many fruitful and interesting results
have been obtained by mathemasticians ho handle infinity in an
extremely bold and daring manner. But the advance is on the
basis of faith and hope, not certainty. Some time in the future
we may again run into paradoxes snd have to retreat, saving as

many theorems as we can.

Infinity Ly physi&é is as uncertain as infiniﬁy'in
mathematics. We don't know how infinity is related to time.
No-one has yet resolved Kan't psradox about time past. Is time
past to be thought of as finite? If =0, whgt was happening
before the beginning of time? Is time past:?inite? If so, an

eternity has already passed; how has time managed to reach us?

Nor do we understand how infinity is related to space. Is
the universe finite or infinite? We don't know. Are there an
infinite number of stars? We don't know. We don't even know
whether the question makes sense or not. If infinity is a
physical fact ... in the sense that the universe extends
indefinitely far and contaias—indefinttelyfar-=nd contains
infinitely many stars ... we still have no way of knowing that

it is so, for we can only observe and count a finite number of

stars.

Infinity, the§ is not a concept corresponding to any object
that we even have bzen or are ever likely to sce. It is an
abstract concept. It is a concept suggested to our mind as the
continuation of a certain pattern ... the.patturn of the boys

ob_the book cover, or the patter of counting 1,2,3,4 .. and so on.
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In mathematics we're often intercsted in continuing a pattern.
Edwin Abbott in his famous book "Flatland® discussed a world of
two dimensions only. Its people are like pieces of cardboard,
freec to slide about on the floor, but unable either to rise from
the floor or cven to conceive the possibility of so doing. After
showing how this world appears to us in our space of three
dimensions, Abbott argues by anslogy:; perhaps there could be a
world of four dimensions that would stand in the same relation
to us as we do to Flatland. His book merely suggests by
analogy that four dimensions could exist. DBut we can do more
than this. We can develop the theory of four dimensional space
by strict reasoning. This illustrates well the importance of
separating mathematical and physical concepts, abstract and
intuitive. Somecone who thought purely in physical terms might
arguc that a fourth dimension was guite impossible. The fourth
dimension would have to be in a direction perpendicular to all
to all the directions we know. How could such a thing exist?

We glsdly concede to such an opponent that the space we live in
has only three dimensions. All we maintain is that it doesn't
have to have three; no logical contradiction would arise if,
like Flatland, it had only two; no logical contradiction would
arise if it had four. We can produce a blueprint to show what

a universe with four spatial dimensions would be like. For that
matter, we could produce & flight simulator, that would teach us

how to navigate an acroplans in space of four dimensions.

Again, sonczone whose thinking was excessively physical might
refuse to believe in nagative numbers on the ground that you
can't have a quantity less than nothing. S5till more, such a

person would refuse to bz:lieve in the square root of minus one.
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In mathematical research there are times when you have to
practisc what theatregoers call "tho suspension of disbelief".
You say to yourself, "I know that space docs not have a fourth
dimznsion, but it looks interesting to investigate what would

happen if it did."

This stage, where a mathematician secms to be toalking
nonsensc, doesn't usuwally last very long. oSooner or later, somsone
comes along and shows that, by a shift in the point of view, you
can give & perfectly logical account of the new development.

To Jjustify the idea of the fourth dimension, we show that we
could build a calculsting machine that'd answer any question you
liked to ask about space of four dimensions. This machine would
nevaer contradict itself. It would tsll a consistent story.

This story may contain patterns which the sciocntist or engineer
can use to understand some part of the actual world, But the
pure mathematician isn't intercsted in that. The story told by
the calculating machine specifies what he calls a mathematical
structure, and he's interested in that for itself. Almost
certainly, he won't think of four dimensional space as something
that might have been the geometry of the physical universec.

That kind of thought only exists in popular talks about
mathemztics! It's 1little used by the research worker in pure

mathematics.

You'll notice the chanze as we move from the concrete,
intuitive aspect of mathematics to the abstract, logiceal aspect.
We first mcet geometry as dealing with the shapes of actual
objects, things we can see and touch. At this stage, it contains
much that's vague and unclcar, for it's not easy to analyse our

perception of actual things.



K

To compensate for this, the material is thoroughly familiar.

We know how objects behave; we're able to recognise, by a
single act of mental vision, the reasonableness of certain
statements. The last stage is quite different. The vagueness
has gone. We now have a calculating machine, strictly following
a prescribad procedure. e know that the machine will never
contradict itself. The machine tells a:story. If it's been
constructed to tell the story of two dimensions, we find that
its statoments zgree with our intuitive perception of drawings
on paper. If. it's constructed to tell the story of threc
dimensions, we notice a similar agreement with ouf expsrience
of s0lid objects. If it is constructzd to te'l the story of
four or five or six dimensions, we are confronted with entirely

novcl structuras.

A mathematiclian, as I've said, is meinly interestod in the
structure itsclf. He's not interested in where it camc from,
or in what it can be usod for. This is one of the penalties
of specialisation. You can often m:zcet a bock or a univorsity
lecture that is admirable for the specialist and terrible for
gverybody else. Mathematically the presentation is excellent.
It begins with certain exions clearly stated aml develops their
consequences logically. The students follow evary step, and yet
they're bewildercd. To use my carlier imzge of the calculating
machine, it's as if the students had been told how to construct
a machine, and shown teat what cach part did to evary other part,
but they didn't know what the purposc of the machine was, or

how anybody came to think of it.



Even for the specialist, such a presentation is poor. What a
mathematician most wants to know about any piece of work is the
idea that led ot it. Once this idea is grasped, the details
fall into place. In fact, once you've got the central idea, you

¢an usually work out the deteils for yourself.

The same kind of bad teaching is sometimes found at the other
end of the scale, in the teaching of young children. I mean the
mistake of rote learning, of trying to turn children, sas quickly
as possibls, inte 1iktls calculating machines; of teaching them
rules without showing thecm how they could arrive at thess rules
for themselves. This is the sort of thing Miss Biggs wages war
on ... and quite rightly, for the result is that children almost
invariably use the wrong rule. Some time ago, I was told of a
girl who had to measure out some dangerous drug. The amcunt
requircd was one-sixth of some unit. But she didn't have a
measure fcr one-sixth. However, she had measures for one half
and one quarter. Shs thought, ¥six plus two is four. so I'11
measura out one-half and cne-quarter and the sum of these should
be one-sixth". The patient, I believe, survived. He was lucky.
1l didn't have this story at first hand, but I sce no reason
for disbeclieving it. , Thousands of students make this kind of

mistake in exams.

The romarkable thing is that this glrl would probably have
understood more about arithmetic if she'd never learnt it at all,
It's clear to a fairly young child that he'll get less cake if
the cake is shared out among four children than if it's shared
between two; he'll get even less if it's shared among sizx.
That's to say, he knows that one sixth of 2 cake is less than a
quarter, much less than one half, and that it would be entirely

ridiculous to think that you got onse-sixth by putting together
one half and one quarter.
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He'd have no doubt which to choose, if he were offered one-sixth

of a cake, or three-quarters.

Thz depressing thing sbout arithmetic, bedly taught, is that
it destroys & child's intellect, and to some sxtent, his
integrity. Before they're taught arithmetic, children won't
give their assent .to utter nousense: afterwards, they will.
Instead of looking at things and thinking about them, they make

wild guesses in the hope of pleasing a teacher or an sxaminer,

In the past two or three years, I've been doing some
experimental teaching with American boys and girls. These were
intelligent children, quite bright enough to get into grammar
schools if they lived here. They'd been taught arithmetic by
rote, amd it had nearly destroyed their power of locking at
e¢videnca. Thedir picture of an arithmetic lesson was something
like this: the teacher asks a question. This ousstion should
remind you of some rule. You e2pply the rule and get an answer.
You'll notice that this prodedure is entirely concerned with
words; the question is words, the rule is words, the answer

is words. Vision doesn't come into it at any stags.

My own idesa of a mathemetics lesson is rather different.
The teacher asks a question. The pupils try to think what the
gquestion means. They perhaps draw a picture of the situation
involved. Thoy think about this situation. They arrive at a

solution. Finally, this solution is put into words, as the

Answar.

I fournd it very hard work indeed to get my experimental class
to do this. Here's just one example. At the beginning of

algebra you want pupils to recognise that Jx added to Lx gives
you 7x.
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Now this is not at .all an unrsasonable doctrine. X stands for
any number you like to think of. Suppose you think of a dozen.
Then my statement implies that three dozen added to four dozen
gives seven dozen, which strikes me as very reasonable. But my
puapils wouldn't have it. Thoy wrote on the blackboard three
times twalve plus four times twelve, and they srgued, "Yeu've
added the threec ta the four, so you ought to add the twelve to
the twelve as well." They were thinking about figures written
on paper, and plsying some mysterious gsmc with them. They

weren't thinking about the meaning of the figures at 2ll.

There's a great contrast when childraen use a system, Such as

3 L)

Cuisenaire or Stem's, in which thoy learn to associate numbers
with the lengths of coloured rods. [ucently I visited a school

where quite young children were doing this:

"The teacher said, "Show what you know sbout six", and put a
six inch rod on the table. A boy said immediately, "That's easy,
two threes?, and pickod out two three inch bars and matched
them against the length of the six. Another child put out six
onc inch bars to form a total length of six inches. I asked
& girl, "How manj twos do you think there would be in six??

She answered, "About three", and placed three two inch bars to
show that she was right. I liked that word "about" in her
answer. I don't think she had any doubt that thers were three
twos in six. It expressad rather that she was making =2
judgement; she felt that threc of the two inch blocks would make
up the six inches; no doubt she remembered having made this
cxperiment many times before. She was giving the answer, "Three
twos are six", as something she had thought out for herself,

not as-something lzarnt parrotwise.
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This, I am sure, is the essential thing in the teaching
of mathematics. A mathematician, above all, is a person who
thinks fur himself. However far you may go in mathematics, you
will always find that you're weighing evidence. Mathemastical
education should not be a succession of arbitrary rules, Rather,
the pupril's attention should be drawn to certain evidence, and
he should ba invited #o think about it. If he ia to think aboub
it, it must be in a form he can appreciate, it must reach nis
imagination, it mist be intuitive. We needn't be worried by
the argument that "mathematics is abstract®. In the early
teaching of mathematics, there is no danger of making the
subject too concrete. The danger is rather that the subject
gets so far from the concrete that it comes to mean nothing at all.

The beauty of the aprroach through evidence is that it is
never final. If the pupil has learnt to appreciate evidence
he is always ready to make a further step forward. The teachef
must produce evidence showing the necessity for such a step.
This can be done, for example, when a student needs to pass from
elementary mathematics to more abstract and sophisticated-
branches. The student's knowledge of concreté, glementary
mathematics will be 2 help when this time comes. There is no
paradox herec. After all, humanity's belief in the value of
abstractions was reachad as the result of concrete experience.
Abstract and concrete are not simply opposites. Like mind and

body, they're Siamese twins.



